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Abstract. Graphpatternrmatchings acentralproblemin mary applicatiorfields.
Sinceit is NP-completealgorithmswith a goodworst-casgerformancecannot
be expectedo befound.However, thereis still roomfor generaproceduresvith

agoodaverageperformanceUsingthe constraintsatishictionframewvork, a nev

algorithmis presentedvhich is superiorto previous approachesThe new algo-
rithm reliesonneighborhoodonstraintsa constrainnotusedbefore.lt is shavn

theoreticallythatthe new algorithmcannotdo worsethanpreviousapproachem

termsof numberof visited nodes.However, sinceit performsmore work per
node,this resultdoesnot ensurethatthe additionaleffort will payoff in practice.
An additionalcontrikution is theintroductionof a nev benchmarkor testingal-

gorithmsin thisdomain.lt is formedby a large setof well-definedgraphsof very

diversenature.In this benchmarkthe nen algorithmalsooutperformsprevious
approachesyhile still leaving mary probleminstancesinsohed. Theuseof this

challengingbenchmarks encouragedor futurealgorithmsevaluation.

1 Introduction

Graphpatternmatchingis the problemof finding anisomorphicimageof agivengraph
in anothergraph,andit is alsoknown asthe subgraphsomorphismproblem.lIt is a
centralproblemin several fields, amongwhich graphtransformationAs a matterof
fact,thereis anincreasingnterestin thefield of graphtransformatiorin finding better
subgraptisomorphismalgorithms[2, 14,17].

Sincethesubgraphisomorphisnproblemis NP-completd5], all known algorithms
have anexponentialworst-casédehaior. Thus,thedevelopmenif ageneraklgorithm
ableto solve mediumandlarge probleminstanceswithin a practicalamountof time
is out of reachwith currenttechnology Thereis, however, still room for algorithms
thatexhibit goodaverageperformancendwith which particularprobleminstancegsan
be solvedin a reasonablemountof time. One way to assesshesealgorithmsis by
meanf a benchmarklf thebenchmarks formedby a large setof probleminstances
of differentnatureandonealgorithmtypically performsbetterthantherest,it canbe
expectedthat algorithm to outperformthe othersin a broaderspectrumof problem
instances.

* Partially supportedy the SpanishCICYT projectTIC96-0721-C02-02.
** Partially supportedy the EC TMR Network GETGRAT S andby the ESPRITBasicResearch
Working Group APPLIGRAPH throughthe University of Bremen,by the SpanishDGES
projectPB96-0191-C02-02ndCICYT projectTIC98-0949-C02-0HEMOSS.



J.LarrosaandG. Valiente

ConstraintReasonings a flourishing field in ComputerSciencethat providesa
commonframenwork for representingnary combinatorialproblemsanda collectionof
techniquedor efficiently solving them. In particular graph patternmatchingcan be
easilyexpressedisa constraintsatishctionproblem.

In this paper two contributionsare presentedoward the developmentof practical,
generalalgorithmsfor subgraphisomorphismOn the onehand,a nev benchmarkor
testingsubgraphisomorphismalgorithmsis proposedOn the otherhand,a new algo-
rithm is presentedhat improves previous approachesAlthough the amountof work
pernodein the searchspaceis higherwith the new algorithm,however, experimental
resultsshav thatit paysoff andby large.

1.1 Preliminaries

A constrint satisfactionproblem (CSB is definedby an orderedset of n variables
X =(4,2,...,n), afinite domainD; of possiblevaluesfor eachvariablei, anda set
C of constaintsamongvariables A constraintR;, ... j, ontheorderedsetof variables
(J1,-.-,]Jr) isasubseof Dj, x --- x Dj, whichonly containsgheallowedcombinations
of valuesfor variablesjy, ..., jr.

An assignmenbf valuesto variablesis completeif it includesevery variablein
X. A (possiblyincomplete)assignments consistentf it satisfiesevery constraintit
is involved with. A solutionfor a constraintsatishction problemis a consistentand
completeassignmen(thatis, it satisfiesavery constraint).

Typical tasksof interestin constraintsatishctionare:finding onesolution,finding
all solutions andfindingthebestsolutionundersomepreferenceriterion.In this paper
the problemof finding onesolutionis dealtwith (althoughthe new algorithmcanalso
beusedto solve thetaskof finding all solutions).

Most algorithmsfor constraintsatistction problemsstartwith an empty (trivially
consistentassignmenandattemptto extendit by addingonevariableat atime, while
keepingthe assignmentonsistentWhenno extensionis possible the algorithmback-
tracksand changesa previous decision.The algorithm stopswhena total assignment
hasbeencomputedpr whenthewhole searchspacehasbeenunsuccessfullyraversed.
During searchassignedvariablesare called past variables,unassignedariablesare
calledfuture variables,andthe variableunderconsiderations calledthe currentvari-
able.

It is well known in the constraintsatishiction areathat look-aheadalgorithmsare
the bestchoicefor non-trivial problems.Eachtime the currentvariableis assigned,
thesealgorithmsremove valuesfrom future variabledomainsthatcannotparticipatein
asolutionextendingthe currentassignmentSurviving valuesareoften calledfeasible

An isomorphisnmof agraphG; = (Vi, E1) with asubgraptof agraphG, = (V, Ez)
is equivalentto thefollowing constraintsatishictionproblem.A variablei is associated
with eachvertex v; € V1, andall variablestake valueson domainVs. Let n bethecardi-
nality of V1. Findinga subgraphisomorphismis thenequivalentto finding a complete
assignmensatisfyingthefollowing structure constaint:

Rij = {(Va,Wb) € V2 x V2 | Va # Vo Aedge(Gy,i, j) = edge(Gz,Va, W)}
foralli,j=1,...,nwithi # j.
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For the sale of clarity, the restof this paperdealswith undirectedgraphsonly,
althoughtheconceptaindmethodsanbeextendedn astraightforvardwayto directed
graphs Experimentatesultsfor directedgraphsareavailablefrom theauthors.

1.2 Related work

Usually, [16] is consideredo be the first algorithmic approachto the subgraphiso-

morphismproblem. Although presentedas a domain-specifialgorithm, the method
usedthereincanbe describedn termsof generakonstrainsatishctiontechniquesHis

algorithmwas later coinedas Really Full Look-Ahead(RFLA) [12] in the constraint
satishctioncommunity a backtrackingorocedurehatenforcesarc consistencyteach
subproblen{arcconsisteny is attainedwhenfor every variableeachdomainvaluehas
at leastone permittedvaluein every othervariable).The filtering techniqueusedfor

maintainingarc consisteng wasAC-1 [10], the only oneavailableat thattime. In this

work, thefollowing degreeconstrint wasaddedo the CSPformulation:

R = {Va eVz | d@(Gl,l) < d&J(GZaVa)}

foralli =1,...,n. Thisunaryconstrainexpresseshe obviousnecessargonditionfor
avertex (variable)of G1 beingmappableo avertex (value)of G,. Suchconstraintsare
usedin a preprocessingtepin which valuesnot satisfyingthe constraintare pruned,
thusreducingthe searctspace.

Thefirst formulationof subgraphisomorphismasa constraintsatishctionproblem
datesbackto [11]. The algorithmproposedn this work was later coinedas Forward
Checking(FC) [7]. Although RFLA requiresto visit lessernodesthan FC, empirical
resultsindicatedthat FC outperformsRFLA in termsof CPUtime.

In a morerecentwork [14], unaryconstrainton the attributesof verticesandarcs
aredealtwith in a preprocessingtep(enforcingnodeconsisteng) andstructurecon-
straintsaredealtwith usingBackJumping(BJ) [4]. It is known, however, thatBJ cannot
improve on FC [9], sinceFC never visits morenodesthanBJ.

Finally, [13] introducedthe all-diff constrainta singlen-ary constraintexpressing
that the value assignedo eachvariablemustbe differentfrom ary othervalue.He
shavedthatthis constrainis strongeithanexpressinghe samewith binaryconstraints,
andproposedanalgorithmto exploit thatfact.

2 A New Algorithm for Subgraph Isomor phism

The new algorithmis basedon the addition of the neighborhoodconstiaint, which
expresseshefactthata vertex (variable)i € V4 canonly be mappedo anothervertex
(value)v, € V2 if all verticesin the neighborhooaf i canbe mappedo somevertices
in the neighborhoof vj,.

Theneighborhoodaonstraintis definedasfollows:

(Val,... 7Var) GVZX XV2|
Ri7p7"~7q= Vak;éval Vk7|:1)“‘5r (k¢|)
Nedge(Go,Va,,Va,) VK=2,....r
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where{p,...,q} istheneighborhoof vertex i in graphG;.

Fig. 1 outlinesthealgorithm.Procedureolverecevesasparameterthesetof future
variablesandtheir currentdomainsandit hasto beinitially calledwith V4 asthesetof
variablesandV, asthe domainof eachvariable.First of all, neighborhoodonstraints
areusedto prunevaluesthat cannotsatisfythem.If duringthis processa domainhas
becomeempty thereis no possibleextensionandthe algorithmbacktracksOtherwise,
afuturevariableis selectedandits domainvaluesaresequentiallyattemptedFor each
value,a forward checking-like look-aheads performedusingstructureconstraintslf
the look-aheaddoesnot causean empty domain,the solver is recursiely calledwith
the currentsubproblemThe propagate neighborhoodconstiaints procedureremoves
value v, of variablei if it cannotsatisfy neighborhoodconstraintR, , .. 4. Sincethe
removal of onevaluemay producethatanothevaluebecomesinfeasiblethisfiltering
proceduras repeatedintil afixedpointis reachedNotice thatby removing the call to
this procedurethealgorithmcoincideswith FC.

procedure solve (X, D)
if X is emptythen a solutionto the problemhasbeenfound
ese
D’ + propagateneighborhoodtonstraint{X, D)
if all domainsin D' arenotemptythen
selectavariablei from X
for all vz in Dj do
D" + look ahead(, va, D)
if all domainsin D" arenotemptythen solve (X —{i}, D")

procedure propagateneighborhooaonstraintgX, D)
changes< true
while changesdo
changes+« false
for alliin X do
for all v in Dj do
let p,...,qbetheneighborhoodfi in X
if (Va,--.,Va) €Rip,. qforallva,...,vaq €Dpx---xDgthen
Di < Dj —{Va, }
changes+ true
return D

Fig. 1. Outline of the new algorithmfor subgraphisomorphism.

Thenew algorithmis moreefficientthanthealgorithmsdescribedn [11, 16] for the
subgraphisomorphismproblem,becausét prunesmore valuesandthus visits lesser
nodesof the searchspaceasestablishedby thefollowing result.

Proposition 1. Thenew algorithmfor subgaphisomorphismmever visits more nodes
thanRFLAandthanFC usingdegreeconstaintsandstructuie constaints.
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Proof. It hasto be shovn thatthe new algorithmnever keepsvaluesthatRFLA or FC
would have removed.SinceRFLA hasa strongempruningprocedurghanfFc, it only has
to be shavn with respecto RFLA.

In thefollowing, it will beshavn thatif valuev, of future variablei remainsin the
currentdomainD; with the new algorithmat an arbitrary searchnode, it would also
remainin the domainif RFLA had visited that node.Let P andF be the setof past
andfuture variables respectiely. From the algorithmic descriptionof RFLA® andthe
definition of degreeand structureconstraintsjt is known that value v, of variablei
remainsn D; if andonly if:

a) deg(Gs,i) < deg(Gy,Va) (dueto theinitial enforcemenbf nodeconsisteng),

b) Vj € P, edge(Gy, j,i) = edge(Gy, Vj,Va), beingv; thevalueassignedo j (due
to the propagatiorof eachassignment)and

c) Vj € F,3vj € D; suchthatedge(Gy, j,i) = edge(Gz,Vj,Va) (dueto theenforce-
mentof arcconsisteng).

With thenew algorithm,if avalueremaingfeasible thenit alsosatisfiegshesethree
conditions.They areshovn oneaftertheother:

1. If valuev, € D; doesnot satisfycondition(a) it will be prunedthe first time prop-
agate neighborhoodconstaintsis called, because setof differentvaluesin the
neighborhooaf v, cannotbe foundthatbe large enoughasto mapinto the setof
variablesn theneighborhoodfi.

2. Thosevaluesnotsatisfyingcondition(b) will beprunedduringthelook-aheadgro-
cesspecausehelook-aheadgrocessn the new algorithmandin RFLA coincide.

3. If valuev;, € D; stopssatisfyingcondition(c) duringsearchit will beprunedin the
next call to propagateneighborhoocconstaints, becausesincethereis a variable
in the neighborhoodf i not having ary valuein the neighborhoodf va, Rip, .. g
cannotbe satisfied.

O

3 A Benchmark for Subgraph I somor phism

The experimentalcomparisorof algorithmsfor subgraphisomorphismasit is found
for instancein [1, 3,6, 11], hasbeenoften basedon the resultsreportedin [16]. The
experimentsdescribedhereinusedboth randomandhighly regular graphs.However,
avery particularmodelof randomgraphswasusedandthe given descriptiondoesnot
allow reproducinghe experiments.

As amatterof fact,no benchmarkasbeendevelopedyet for the subgraphisomor
phismproblem.In orderto facilitate experimentalcomparisorof differentapproaches
andalgorithmsfor subgraphisomorphisma benchmarkis proposedn this paperthat
is basedbn the StanfordGraphBase.

The StanfordGraphBasg8] providesa large library of well-definedgraphs,com-
prising bothirregulargraphsderived from cultural artifactsandhighly regular graphs,

1 For adetaileddescriptionof RFLA andarcconsisteny, thereadetis referredto [15].
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for comparingcombinatorialalgorithmsandfor evaluatingmethodsof combinatorial
computing It presentsheadvantage®f beingstable machine-independerandfreely
available.A machine-independerdndomnumbergeneratois includedin the Stanford
GraphBaseproviding thusaway to constructrandomgraphsthatcanbereconstructed
elsavhere.

Thebenchmarlproposedn this paperconsistof all pairsof graphs(Gi, Gz) gen-
eratedusingthe examplegraphparameterérom [8, App. C], with G; beingnot larger
(in numberof vertices)than G,. The undirectedgraphsrangefrom 10 to 16796ver-
ticesand from 0 to 328960edges.Sincethereare 113 undirectedgraphs,thereare
(113-114)/2 = 6441suchprobleminstancesvailable.

The experimentgeportedn this paperhave beenfocusedo a subsebf 1769prob-
leminstancespamelyall pairs(Gj, G;) of undirectedyraphsirom the benchmarkvith
3<i < j £62.Intheseexperiments234instancediave beenfoundto have atleastone
solutionand1175have beenfound to have no solution. The remaining360 instances
remainopen.Theseundirectedgraphsrangefrom 10 to 377 verticesandfrom 15 to
4950edges.

4 Experimental Results

Table 1. Numberof probleminstancesn which no solutionhasbeenfound,in which a solution
hasbeenfound,andthatcould not be solvedwithin afixedtime limit.

Forwardchecking Neighborhoodtonstraint

No solutionfound 851 1175
Solutionfound 183 234
Not solved 735 360

The setof 1769 proposedorobleminstanceshasbeenattacked with both FC and
the new algorithn?. Table 1 shows resultsfor the numberof subgraphisomorphism
probleminstancesn which no solutionhasbeenfound,in which a solutionhasbeen
found, andwhich could not be solved within a fixed time limit of 300 secondslt can
be obsenedthatthe new algorithmcaneitherfind a solutionor prove unsohability in
moreprobleminstanceghanFC. As a matterof fact,thenew algorithmhasprovedthe
unsohability of 957 instancesithout visiting ary nodeat all, thatis, by meansof the
first propagatiorof neighborhoodonstraints.

Thenumberof nodesvisited andthe executiontime for theseexperimentspothfor
FC andfor the new algorithm,areillustratedin Fig. 2. It showvs the expectedbehaior:
while thenew algorithmrequiresto visit muchlessemodesijt requiresalargeramount
of time, evenfor thesimplerinstances.

2 Both algorithmshave beenimplementedn C, sharingcodeanddatastructuresThe experi-
mentshave beenperformedon a SunUltra 1 runningSolaris5.5.1at 143 MHz andwith 32
MB of mainmemory



GraphPatternMatchingusingConstraintSatisction

5 Conclusion

A new algorithmfor the subgraphisomorphismproblemhasbeenintroducedin this
paper It usesa constraintsatisfction formulation of the problemand relies on the
exploitation of neighborhooaonstraintfor domain-filteringpurposesNeighborhood
constraintswhich expressa necessargonditionfor a tuple beingin a solution,have
never beenusedbefore.lt hasbeenshown thatthe new algorithmwill nevervisit more
nodesthanthe methodusedin two previousapproachefl1,16].

Thereis nostandardenchmarkor graphpatterrmatchingalgorithmsIn thiswork,
the useof the StanfordGraphBasesa sourceof instancego empirically evaluateal-
gorithmsis suggestedn this benchmarkit is shovn thatthe additionaleffort pernode
thatthe new algorithmmakespaysoff by large, becausenary moreinstancesanbe
solved. Neverthelessthe benchmarkhasmary probleminstanceghat the new algo-
rithm cannotsolve (anddo not seento be easilysolved with currenttechnology).For
this reason otherresearcherare encouragedo usethis benchmarko evaluatetheir
algorithms.

Forward Checking New Algorithm

4000 — 4000 —
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Fig. 2. Numberof nodesvisited and executiontime for subgraphisomorphismexperimentson
undirectedgraphs.
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