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Abstract. Graphpatternmatchingisacentralproblemin many applicationfields.
Sinceit is NP-complete,algorithmswith a goodworst-caseperformancecannot
beexpectedto befound.However, thereis still roomfor generalprocedureswith
a goodaverageperformance.Usingtheconstraintsatisfactionframework, a new
algorithmis presentedwhich is superiorto previous approaches.Thenew algo-
rithm reliesonneighborhoodconstraints,aconstraintnotusedbefore.It is shown
theoreticallythatthenew algorithmcannotdoworsethanpreviousapproachesin
termsof numberof visited nodes.However, since it performsmore work per
node,this resultdoesnotensurethattheadditionaleffort will payoff in practice.
An additionalcontribution is theintroductionof a new benchmarkfor testingal-
gorithmsin thisdomain.It is formedby a largesetof well-definedgraphsof very
diversenature.In this benchmark,thenew algorithmalsooutperformsprevious
approaches,while still leaving many probleminstancesunsolved.Theuseof this
challengingbenchmarkis encouragedfor futurealgorithmsevaluation.

1 Introduction

Graphpatternmatchingis theproblemof findinganisomorphicimageof agivengraph
in anothergraph,and it is alsoknown as the subgraphisomorphismproblem.It is a
centralproblemin several fields, amongwhich graphtransformation.As a matterof
fact,thereis anincreasinginterestin thefield of graphtransformationin finding better
subgraphisomorphismalgorithms[2, 14,17].

Sincethesubgraphisomorphismproblemis NP-complete[5], all known algorithms
haveanexponentialworst-casebehavior. Thus,thedevelopmentof ageneralalgorithm
able to solve mediumandlarge probleminstanceswithin a practicalamountof time
is out of reachwith currenttechnology. Thereis, however, still room for algorithms
thatexhibit goodaverageperformanceandwith whichparticularprobleminstancescan
be solved in a reasonableamountof time. Oneway to assessthesealgorithmsis by
meansof a benchmark.If thebenchmarkis formedby a largesetof probleminstances
of differentnatureandonealgorithmtypically performsbetterthanthe rest,it canbe
expectedthat algorithm to outperformthe othersin a broaderspectrumof problem
instances.�
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ConstraintReasoningis a flourishing field in ComputerSciencethat provides a
commonframework for representingmany combinatorialproblemsanda collectionof
techniquesfor efficiently solving them.In particular, graphpatternmatchingcan be
easilyexpressedasa constraintsatisfactionproblem.

In this paper, two contributionsarepresentedtowardthedevelopmentof practical,
generalalgorithmsfor subgraphisomorphism.On theonehand,a new benchmarkfor
testingsubgraphisomorphismalgorithmsis proposed.On theotherhand,a new algo-
rithm is presentedthat improvesprevious approaches.Although the amountof work
pernodein the searchspaceis higherwith the new algorithm,however, experimental
resultsshow thatit paysoff andby large.

1.1 Preliminaries

A constraint satisfactionproblem (CSP) is definedby an orderedset of n variables
X � �

1 � 2 �������	� n
 , a finite domainDi of possiblevaluesfor eachvariablei, anda set
C of constraintsamongvariables.A constraintRj1 � � � �
� jr on theorderedsetof variables
( j1 �������	� jr 
 is asubsetof D j1 ��������� D jr whichonly containstheallowedcombinations
of valuesfor variablesj1 �������	� jr .

An assignmentof valuesto variablesis completeif it includesevery variablein
X. A (possiblyincomplete)assignmentis consistentif it satisfiesevery constraintit
is involved with. A solution for a constraintsatisfactionproblemis a consistentand
completeassignment(thatis, it satisfieseveryconstraint).

Typical tasksof interestin constraintsatisfactionare:finding onesolution,finding
all solutions,andfindingthebestsolutionundersomepreferencecriterion.In thispaper,
theproblemof finding onesolutionis dealtwith (althoughthenew algorithmcanalso
beusedto solve thetaskof findingall solutions).

Most algorithmsfor constraintsatisfactionproblemsstartwith an empty(trivially
consistent)assignmentandattemptto extendit by addingonevariableat a time,while
keepingtheassignmentconsistent.Whenno extensionis possible,thealgorithmback-
tracksandchangesa previous decision.The algorithmstopswhena total assignment
hasbeencomputed,or whenthewholesearchspacehasbeenunsuccessfullytraversed.
During search,assignedvariablesare called past variables,unassignedvariablesare
calledfuture variables,andthevariableunderconsiderationis calledthecurrent vari-
able.

It is well known in the constraintsatisfactionareathat look-aheadalgorithmsare
the bestchoicefor non-trivial problems.Eachtime the currentvariableis assigned,
thesealgorithmsremovevaluesfrom futurevariabledomainsthatcannotparticipatein
a solutionextendingthecurrentassignment.Surviving valuesareoftencalledfeasible.

An isomorphismof agraphG1 � �
V1 � E1 
 with asubgraphof agraphG2 � �

V2 � E2 

is equivalentto thefollowing constraintsatisfactionproblem.A variablei is associated
with eachvertex vi � V1, andall variablestakevaluesondomainV2. Let n bethecardi-
nality of V1. Findinga subgraphisomorphismis thenequivalentto finding a complete
assignmentsatisfyingthefollowing structureconstraint:

Ri � j ��� � va � vb 
 � V2 � V2 � va �� vb � edge
�
G1 � i � j 
���� edge

�
G2 � va � vb 
��

for all i � j � 1 ��������� n with i �� j.
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For the sake of clarity, the rest of this paperdealswith undirectedgraphsonly,
althoughtheconceptsandmethodscanbeextendedin astraightforwardwayto directed
graphs.Experimentalresultsfor directedgraphsareavailablefrom theauthors.

1.2 Related work

Usually, [16] is consideredto be the first algorithmic approachto the subgraphiso-
morphismproblem.Although presentedas a domain-specificalgorithm, the method
usedthereincanbedescribedin termsof generalconstraintsatisfactiontechniques.His
algorithm was later coinedasReallyFull Look-Ahead(RFLA) [12] in the constraint
satisfactioncommunity, abacktrackingprocedurethatenforcesarc consistencyat each
subproblem(arcconsistency is attainedwhenfor everyvariableeachdomainvaluehas
at leastonepermittedvaluein every othervariable).The filtering techniqueusedfor
maintainingarcconsistency wasAC-1 [10], theonly oneavailableat that time. In this
work, thefollowing degreeconstraint wasaddedto theCSPformulation:

Ri ��� va � V2 � deg
�
G1 � i 
�� deg

�
G2 � va 
 �

for all i � 1 �������	� n. Thisunaryconstraintexpressestheobviousnecessaryconditionfor
avertex (variable)of G1 beingmappableto avertex (value)of G2. Suchconstraintsare
usedin a preprocessingstepin which valuesnot satisfyingthe constraintarepruned,
thusreducingthesearchspace.

Thefirst formulationof subgraphisomorphismasa constraintsatisfactionproblem
datesbackto [11]. The algorithmproposedin this work waslater coinedasForward
Checking(FC) [7]. Although RFLA requiresto visit lessernodesthan FC, empirical
resultsindicatedthatFC outperformsRFLA in termsof CPU time.

In a morerecentwork [14], unaryconstraintson theattributesof verticesandarcs
aredealtwith in a preprocessingstep(enforcingnodeconsistency) andstructurecon-
straintsaredealtwith usingBackJumping(BJ) [4]. It is known,however, thatBJcannot
improveon FC [9], sinceFC nevervisitsmorenodesthanBJ.

Finally, [13] introducedtheall-diff constraint,a singlen-ary constraintexpressing
that the value assignedto eachvariablemust be different from any other value.He
showedthatthisconstraintis strongerthanexpressingthesamewith binaryconstraints,
andproposedanalgorithmto exploit thatfact.

2 A New Algorithm for Subgraph Isomorphism

The new algorithm is basedon the addition of the neighborhoodconstraint, which
expressesthefact thata vertex (variable)i � V1 canonly bemappedto anothervertex
(value)va � V2 if all verticesin theneighborhoodof i canbemappedto somevertices
in theneighborhoodof va.

Theneighborhoodconstraintis definedasfollows:

Ri � p � � � �!� q �
"# $ �

va1 ��������� var 
 � V2 �������%� V2 �
vak �� val & k � l � 1 �������'� r �

k �� l 
� edge
�
G2 � va1 � vak 
 & k � 2 �������'� r

( )
*
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where � p �������'� q � is theneighborhoodof vertex i in graphG1.
Fig.1outlinesthealgorithm.Proceduresolvereceivesasparametersthesetof future

variablesandtheircurrentdomains,andit hasto beinitially calledwith V1 asthesetof
variablesandV2 asthedomainof eachvariable.First of all, neighborhoodconstraints
areusedto prunevaluesthat cannotsatisfythem.If during this processa domainhas
becomeempty, thereis no possibleextensionandthealgorithmbacktracks.Otherwise,
a futurevariableis selectedandits domainvaluesaresequentiallyattempted.For each
value,a forwardchecking-like look-aheadis performedusingstructureconstraints.If
the look-aheaddoesnot causean emptydomain,the solver is recursively calledwith
the currentsubproblem.The propagateneighborhoodconstraints procedureremoves
valueva of variable i if it cannotsatisfy neighborhoodconstraintRi � p � � � �+� q. Sincethe
removal of onevaluemayproducethatanothervaluebecomesunfeasible,this filtering
procedureis repeateduntil a fixedpoint is reached.Noticethatby removing thecall to
this procedure,thealgorithmcoincideswith FC.

procedure solve (X, D)
if X is emptythen a solutionto theproblemhasbeenfound
else

D ,'- propagateneighborhoodconstraints(X, D)
if all domainsin D , arenotemptythen

selecta variablei from X
for all va in Di do

D , , - look ahead(i, va, D , )
if all domainsin D , , arenotemptythen solve (X .0/ i 1 , D , , )

procedure propagateneighborhoodconstraints(X, D)
changes - true
while changesdo

changes - false
for all i in X do

for all va in Di do
let p 243�3�352 q betheneighborhoodof i in X
if 6 va1 2�3�3�372 var 8�9: Ri ; p ; < < <!; q for all va1 2�3�343�2 var

: Dp =?>4>�>@= Dq then
Di - Di .A/ va1 1
changes - true

return D

Fig. 1. Outlineof thenew algorithmfor subgraphisomorphism.

Thenew algorithmis moreefficientthanthealgorithmsdescribedin [11,16] for the
subgraphisomorphismproblem,becauseit prunesmorevaluesandthusvisits lesser
nodesof thesearchspace,asestablishedby thefollowing result.

Proposition 1. Thenew algorithmfor subgraphisomorphismnever visitsmore nodes
thanRFLAandthanFC usingdegreeconstraintsandstructure constraints.
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Proof. It hasto beshown that the new algorithmnever keepsvaluesthatRFLA or FC
wouldhaveremoved.SinceRFLA hasastrongerpruningprocedurethanFC, it only has
to beshown with respectto RFLA.

In thefollowing, it will beshown that if valueva of futurevariablei remainsin the
currentdomainDi with the new algorithmat an arbitrarysearchnode,it would also
remainin the domainif RFLA hadvisited that node.Let P andF be the setof past
andfuture variables,respectively. Fromthe algorithmicdescriptionof RFLA1 andthe
definition of degreeandstructureconstraints,it is known that valueva of variable i
remainsin Di if andonly if:

a) deg
�
G1 � i 
�� deg

�
G2 � va 
 (dueto theinitial enforcementof nodeconsistency),

b) & j � P, edge
�
G1 � j � i 
B��� edge

�
G2 � v j � va 
 , beingv j thevalueassignedto j (due

to thepropagationof eachassignment),and
c) & j � F , C v j � D j suchthatedge

�
G1 � j � i 
D��� edge

�
G2 � v j � va 
 (dueto theenforce-

mentof arcconsistency).

With thenew algorithm,if avalueremainsfeasible,thenit alsosatisfiesthesethree
conditions.They areshown oneaftertheother:

1. If valueva � Di doesnot satisfycondition(a) it will beprunedthefirst time prop-
agateneighborhoodconstraints is called,becausea setof differentvaluesin the
neighborhoodof va cannotbefoundthatbelargeenoughasto mapinto thesetof
variablesin theneighborhoodof i.

2. Thosevaluesnotsatisfyingcondition(b) will beprunedduringthelook-aheadpro-
cess,becausethelook-aheadprocessin thenew algorithmandin RFLA coincide.

3. If valueva � Di stopssatisfyingcondition(c) duringsearch,it will beprunedin the
next call to propagateneighborhoodconstraints, becausesincethereis a variable
in the neighborhoodof i not having any valuein the neighborhoodof va, Ri � p � � � �+� q
cannotbesatisfied. EF

3 A Benchmark for Subgraph Isomorphism

The experimentalcomparisonof algorithmsfor subgraphisomorphism,asit is found
for instancein [1, 3,6,11], hasbeenoften basedon the resultsreportedin [16]. The
experimentsdescribedthereinusedboth randomandhighly regulargraphs.However,
a very particularmodelof randomgraphswasusedandthegivendescriptiondoesnot
allow reproducingtheexperiments.

As amatterof fact,nobenchmarkhasbeendevelopedyet for thesubgraphisomor-
phismproblem.In orderto facilitateexperimentalcomparisonof differentapproaches
andalgorithmsfor subgraphisomorphism,a benchmarkis proposedin this paperthat
is basedon theStanfordGraphBase.

TheStanfordGraphBase[8] providesa large library of well-definedgraphs,com-
prisingboth irregulargraphsderivedfrom culturalartifactsandhighly regulargraphs,

1 For a detaileddescriptionof RFLA andarcconsistency, thereaderis referredto [15].
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for comparingcombinatorialalgorithmsandfor evaluatingmethodsof combinatorial
computing.It presentstheadvantagesof beingstable,machine-independent,andfreely
available.A machine-independentrandomnumbergeneratoris includedin theStanford
GraphBase,providing thusaway to constructrandomgraphsthatcanbereconstructed
elsewhere.

Thebenchmarkproposedin this paperconsistsof all pairsof graphs
�
G1 � G2 
 gen-

eratedusingtheexamplegraphparametersfrom [8, App. C], with G1 beingnot larger
(in numberof vertices)thanG2. The undirectedgraphsrangefrom 10 to 16796ver-
tices and from 0 to 328960edges.Sincethereare 113 undirectedgraphs,thereare�
113 � 114
�G 2 � 6441suchprobleminstancesavailable.

Theexperimentsreportedin thispaperhavebeenfocusedto asubsetof 1769prob-
lem instances,namelyall pairs

�
Gi � G j 
 of undirectedgraphsfrom thebenchmarkwith

3 � i H j � 62.In theseexperiments,234instanceshavebeenfoundto haveat leastone
solutionand1175have beenfound to have no solution.The remaining360 instances
remainopen.Theseundirectedgraphsrangefrom 10 to 377 verticesandfrom 15 to
4950edges.

4 Experimental Results

Table 1. Numberof probleminstancesin which no solutionhasbeenfound,in which a solution
hasbeenfound,andthatcouldnotbesolvedwithin a fixedtime limit.

Forwardchecking Neighborhoodconstraint

No solutionfound 851 1175
Solutionfound 183 234
Not solved 735 360

The setof 1769proposedprobleminstanceshasbeenattacked with both FC and
the new algorithm2. Table 1 shows resultsfor the numberof subgraphisomorphism
probleminstancesin which no solutionhasbeenfound, in which a solutionhasbeen
found,andwhich couldnot be solvedwithin a fixed time limit of 300seconds.It can
beobservedthat thenew algorithmcaneitherfind a solutionor prove unsolvability in
moreprobleminstancesthanFC. As a matterof fact,thenew algorithmhasprovedthe
unsolvability of 957instanceswithout visiting any nodeat all, that is, by meansof the
first propagationof neighborhoodconstraints.

Thenumberof nodesvisitedandtheexecutiontime for theseexperiments,bothfor
FC andfor thenew algorithm,areillustratedin Fig. 2. It shows theexpectedbehavior:
while thenew algorithmrequiresto visit muchlessernodes,it requiresa largeramount
of time,evenfor thesimplerinstances.
2 Both algorithmshave beenimplementedin C, sharingcodeanddatastructures.Theexperi-

mentshave beenperformedon a SunUltra 1 runningSolaris5.5.1at 143MHz andwith 32
MB of mainmemory.
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5 Conclusion

A new algorithmfor the subgraphisomorphismproblemhasbeenintroducedin this
paper. It usesa constraintsatisfaction formulation of the problemand relies on the
exploitationof neighborhoodconstraintsfor domain-filteringpurposes.Neighborhood
constraints,which expressa necessaryconditionfor a tuple beingin a solution,have
neverbeenusedbefore.It hasbeenshown thatthenew algorithmwill nevervisit more
nodesthanthemethodusedin two previousapproaches[11,16].

Thereis nostandardbenchmarkfor graphpatternmatchingalgorithms.In thiswork,
theuseof theStanfordGraphBaseasa sourceof instancesto empiricallyevaluateal-
gorithmsis suggested.In thisbenchmark,it is shown thattheadditionaleffort pernode
that the new algorithmmakespaysoff by large,becausemany moreinstancescanbe
solved. Nevertheless,the benchmarkhasmany probleminstancesthat the new algo-
rithm cannotsolve (anddo not seemto beeasilysolvedwith currenttechnology).For
this reason,other researchersareencouragedto usethis benchmarkto evaluatetheir
algorithms.
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Fig. 2. Numberof nodesvisited andexecutiontime for subgraphisomorphismexperimentson
undirectedgraphs.
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