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1 GENERAL SPECIFICATIONS

Thefollowing detailsshouldallow contributorsto setup thegeneral
pagedescriptionfor their paper:

1. The paperis set in two columnseach20.5 picas(86 mm) wide
with a columnseparatorof 1.5picas(6 mm).

2. Thetypefaceis TimesModernRoman.
3. The body text size is 9 point (3.15 mm) on a body of 11 point

(3.85mm) (i.e. 61 linesof text).
4. Theeffective text heightfor eachpageis 56 picas(237mm).The

first pagehaslesstext height.It requiresanadditionalfooterspace
of 3.5picas(14.8mm) for thecopyright insertedby thepublisher
and1.5 picas(6 mm) of spacebeforethe title. Theeffective text
heightof thefirst pageis 51picas(216mm).

5. Thereare no running feet for the final camera-readyversionof
thepaper. Thesubmissionpapershouldhavepagenumbersin the
runningfeet.

2 TITLE, AUTHOR, AFFILIA TION,
COPYRIGHT AND RUNNING FEET

2.1 Title

Thetitle is setin 20 point (7 mm) bold with leadingof 22 point (7.7
mm), centredover the full text measure,with 1.5 picas(6 mm) of
spacebeforeandafter.

2.2 Author

The author’s nameis set in 11 point (3.85 mm) bold with leading
of 12 point (4.2 mm), centredover full text measure,with 1.5 picas
(6 mm) of spacebelow. A footnoteindicatoris setin 11 point (3.85
mm) mediumandpositionedasa superscriptcharacter.
�
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AustrianResearchInstitutefor Artificial Intelligence,Schottengasse3, A-
1010Vienna,Austria,email:ecai2000@ai.univie.ac.at

2.3 Affiliation

Theaffiliation is setasa footnoteto thefirst column.This is setin 8
point (2.8mm)mediumwith leadingof 8.6point (3.1mm),with a 1
point (0.35mm) footnoterule to columnwidth.

2.4 Copyright

Thecopyright detailswill beinsertedby thepublisher.

2.5 Running feet

Therunningfeet is insertedby thepublisher. For submissionplease
insertpagenumbersin themiddleof therunningfeet.Do not insert
pagenumbersfor thecamera-readyversionof thepaper.

3 ABSTRACT

Theabstractfor thepaperis setin 9 point (3.15mm) medium,on a
bodyof 10point(3.5mm).ThewordAbstractissetin bold,followed
by a full point anda 0.5picaspace.

4 HEADINGS

Threeheadinglevelshave beenspecified:

1. A level headings
� Thefirst level of headingis setis 11 point (3.85mm) bold,on

a bodyof 12 point (4.2 mm), 1.5 linesof spaceabove and0.5
linesof spacebelow.� Theheadingis numberedto onedigit with a 1 picaspacesepa-
ratingit from thetext.� Thetext is keyedin capitalsandis unjustified.

2. B level headings� Thesecondlevel of headingis setis 11 point (3.85mm) bold,
on a body of 12 point (4.2 mm), 1.5 lines of spaceabove and
0.5 linesof spacebelow.� The headingis numberedto two digits separatedwith a full
point,with a 1 picaspaceseparatingit from thetext.� Thetext is keyedin upperandlowercasewith aninitial capital
for first wordonly, andis unjustified.

3. C level headings� Thethird level of headingis setis 10 point (3.5mm) italic, on
a bodyof 11point (3.85mm),1.5 linesof spaceabove and0.5
linesof spacebelow.



� The headingis numberedto threedigits separatedwith a full
point,with a 1 picaspaceseparatingit from thetext.� Thetext is keyedin upperandlowercasewith aninitial capital
for first wordonly, andis unjustified.

4. Acknowledgements
This headingis the samestyle asan A level headingbut is not
numbered.

5 TEXT

Thefirst paragraphof text following any headingis setto thecom-
pletemeasure(i.e.do not indentthefirst line).

Subsequentparagraphsaresetwith thefirst line indentedby 1 pica
(3.85mm).

Thereisn’t any inter-paragraphspacing.

6 LISTS

Thelist identifiermaybeanarabicnumber, a bullet, anemrule or a
romannumeral.

The itemsin a list aresetin text sizeandindentedby 1 pica(4.2
mm)from theleft margin.Half aline of spaceis setaboveandbelow
thelist to separateit from surroundingtext.

Seelayout of Section4 on headingsto seethe resultsof the list
macros.

7 TABLES

Tablesaresetin 8 point (2.8 mm) on a bodyof 10 point (3.5 mm).
Thetablecaptionis setcentredat thestartof thetable,with theword
Tableandthenumberin bold.Thecaptionis setin mediumwith a 1
pica(4.2mm) spaceseparatingit from thetablenumber.

A oneline spaceseparatesthetablefrom surroundingtext.

Table 1. Thetablecaptionis centredon thetablemeasure.If it extendsto
two lineseachis centred.

Processors
1 2 4

Window � � � � � � �
1 1273 110 21.79 89% 6717 22.42 61%
2 2145 116 10.99 50% 5386 10.77 19%
3 3014 117 41.77 89% 7783 42.31 58%
4 4753 151 71.55 77% 7477 61.97 49%
5 5576 148 61.60 80% 7551 91.80 45%

� executiontime in ticks � speed-upvalues � efficiency values

8 FIGURES

A figure caption is set centredin 8 point (2.8 mm) mediumon a
leadingof 10point (3.5mm).It is setunderthefigure,with theword
Figure and the numberin bold and with a 1 pica (4.2 mm) space
separatingthecaptiontext from thefigurenumber.

Oneline of spaceseparatesthefigurefrom thecaption.
A oneline spaceseparatesthefigurefrom surroundingtext.
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Figure1. Network of transputersandthestructureof individual processes

9 EQUATIONS

A displayequationis numbered,usingarabicnumbersin parenthe-
ses.It is centredandsetwith oneline of spaceabove andbelow to
separateit from surroundingtext. Thefollowing exampleis asimple
singleline equation:

�
	���

(1)

Thenext exampleis a multi-line equation:

� 	������ � 	�������� 	 � ��	�����	������ �
(2)� 	������ � � 	 � ��� 	��!��� �
(3)

Theequalsignsarealignedin amulti-line equation.

10 PROGRAM LISTINGS

Programlistingsaresetin 9 point (3.15mm)Courierona leadingof
11point (3.85mm).Thatis to say, anon-proportionalfont is usedto
ensurethecorrectalignment.

A oneline spaceseparatesthe programlisting from surrounding
text.

void inc(x)
int* x;
{

*x++;
}

int y = 1;
inc(&y);
printf("%d\n",y);
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11 THEOREMS"
Thetext of a theoremis setin 9 point (3.15mm) italic on a leading
of 11 point (3.85mm).Theword Theoremandits numberaresetin
9 point (3.15mm)bold.

A oneline spaceseparatesthetheoremfrom surroundingtext.

Theorem1 Let us assumethis is a valid theorem.In reality it is a
pieceof text setin thetheoremenvironment.

12 FOOTNOTES

Footnotesareset in 8 point (2.8 mm) mediumwith leadingof 8.6
point (3.1 mm), with a 1 point (0.35 mm) footnoterule to column
width3 .

13 REFERENCES

The referenceidentifier in the text is setasa sequentialnumberin
squarebrackets.Thereferenceentryitself is setin 8 point (2.8mm)
with a leadingof 10 point (3.5mm), andappearsin thesequencein
which it is citedin thepaper.

14 SAMPLE CODING

Theremainderof this papercontainsexamplesof thespecifications
detailedabove andcanbeusedfor referenceif required.

15 PROGRAMMING MODEL

Our algorithmswereimplementedusingthe singleprogram,multi-
ple data model(SPMD).SPMDinvolveswriting a singlecodethat
will run on all the processorsco-operatingon a task.The dataare
partitionedamongthe processorswhich know what portionsof the
datathey will work on [7].

15.1 Structur e of processesand processors

The grid has # � #%$
&�#%' processors,where #%$ is the numberof
rows of processorsand #%' is thenumberof columnsof processors.

15.1.1 Routeinginformationon thegrid

A messagemaybeeitherbroadcastor specific. A broadcastmessage
originateson a processorandis relayedthroughthenetwork until it
reachesall otherprocessors.A specificmessageisonethatis directed
to a particulartargetprocessor.

Broadcastmessagesoriginate from a processorcalled central
which is situatedin the ‘middle’ of thegrid. This processorhasco-
ordinates

�)( #*$,+ �.-0/ ( #%'1+ �.-.� . Messagesarebroadcastusingtherow–
columnbroadcastalgorithm(RCB), which usesthe following strat-
egy. The numberof stepsrequiredto completethe RCB algorithm
(i.e. until all processorshave received the broadcastvalue)is given
by

( #*$,+ �.-2� ( #%'3+ �.- .
A specificmessageis routedthroughtheprocessorsusingthefind-

row–find-columnalgorithm(FRFC)detailedin [5]. The messageis
sentfrom the originator processorvertically until it reachesa pro-
cessorsitting in thesamerow asthe target processor. Themessage
is thenmovedhorizontallyacrosstheprocessorsin that row until it4

This is anexampleof a footnotethatoccursin the text. If the text runsto
two linesthesecondline alignswith thestartof text in thefirst line.

reachesthetargetprocessor. An accumulationbasedon therecursive
doublingtechnique[9, pp. 56–61],would requirethe samenumber
of stepsastheRCBrequires.If eithertherow or columnof theorigi-
natorandtargetprocessorsarethesamethenthemessagewill travel
only in a horizontalor verticaldirection,respectively (see[12]).

16 DATA PARTITIONING

Weusedatapartitioningbycontiguity, definedin thefollowing way.
To partitionthedata(i.e.vectorsandmatrices)amongtheprocessors,
wedividethesetof variables5 �76*8:9<;=?> � into # subsets

6A@CBD9 EB > �
of F �HG +<# elementseach.We assumewithout lossof generality
that

G
is an integermultiple of # . We defineeachsubsetas

@ B �6 �JI ��K)� F �MLN9 OP3> � (see[11], [4] and[2] for details).
Eachprocessor

I
is responsiblefor performingthecomputations

over thevariablescontainedin
@ B

. In thecaseof vectoroperations,
eachprocessorwill hold segmentsof F variables.Thedatapartition-
ing for operationsinvolving matricesis discussedin Section17.3.

17 LINEAR ALGEBRA OPERATIONS

17.1 Saxpy

The saxpy Q �SRC�UT%V
operation,where

R
,
V

and Q arevectors
and

T
is a scalarvalue,hasthecharacteristicthat its computationis

disjoint elementwisewith respectto
R*/WV

and Q . This meansthatwe
cancomputea saxpy without any communicationbetweenproces-
sors;the resultingvector Q doesnot needto be distributedamong
theprocessors.Parallelismis exploited in thesaxpy by the fact that# processorswill computethe sameoperationwith a substantially
smalleramountof data.Thesaxpy is computedas

Q = ��R = �XT%V = /ZY�8\[]6<@^BN9 EB > � (4)

17.2 Inner-product and vector 2-norm

The inner-product
TU�_Ra`*VM�cb ;=?> � R = V = is an operationthat in-

volvesaccumulationof data,implying ahighlevel of communication
betweenall processors.Themeshtopologyandtheprocessesarchi-
tectureusedalloweda moreefficient useof theprocessorsthan,for
instance,a ring topology, reducingthe time thatprocessorsareidle
waiting for thecomputedinner-productvalueto arrive,but theprob-
lem still remains.The useof the SPMD paradigmalso implies the
globalbroadcastof thefinal computedvalueto all processors.

Theinner-productis computedin threedistinctphases.Phase1 is
thecomputationof partialsumsof theform

TdB�� e
f =hgjiWkml0n

R = & V = / I �oK0/)pqprpq/ # (5)

Theaccumulationphaseof theinner-productusingtheRCA algo-
rithm is completedin thesamenumberof stepsastheRCBalgorithm
(Section15.1.1).This is becauseof the needto relay partial values
betweenprocessorswithoutany accumulationtakingplace,owing to
theconnectivity of thegrid topology.

The vector 2-norm
Ts�utvtwRxtyt � �{z R ` R

is computedusing
theinner-productalgorithmdescribedabove.Oncetheinner-product
valueis received by a processorduring the final broadcastphase,it
computesthe squareroot of that value giving the required2-norm
value.
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17.3 Matrix–v
|

ector product

For thematrix–vectorproduct
V}�~�
R

, weuseacolumnpartitioning
of

�
. Eachprocessorholdsa set

@ B
(seeSection16) of F columns

eachof
G

elementsof
�

and F elementsof
R

. The F elementsof
R

storedlocally have a one-to-onecorrespondenceto the F columnsof�
(e.g.aprocessorholdingelement

R P alsoholdsthe
L
-th columnof�

). Notethatwhereaswe have
�

partitionedby columnsamongthe
processors,thematrix–vectorproductis to becomputedby rows.

Thealgorithmfor computingthematrix–vectorproductusingcol-
umn partitioning is a generalizationof the inner-productalgorithm
describedin Section17.2 (without the needfor a final broadcast
phase).At a given time during theexecutionof thealgorithm,each
oneof # ��K

processorsis computinga vector Q of F elementscon-
tainingpartialsumsrequiredfor thesegmentof thevector

V
in there-

maining‘target’ processor. After this computationis complete,each
of the # processorsstoresa vector Q . Theresultingsegmentof the
matrix–vectorproductvectorwhich is to bestoredin thetargetpro-
cessoris obtainedbysummingtogetherthe # vectorsQ , asdescribed
below.

Eachprocessorotherthanthe targetprocessorsendsits Q vector
to oneof its neighbouringprocessors.A processordecideswhether
to sendthevectorin eithertherow or columndirectionto reachthe
targetprocessorbasedon theFRFCalgorithm(seeSection15.1.1).
If a vectorpassesthroughfurtherprocessorsin its routeto thetarget
processorthe Q vectorsareaccumulated.Thusthe targetprocessor
will receive at mostfour Q vectorswhich,whensummedto its ownQ vector, yield thedesiredsetof F elementsof

V
.

17.4 Matrix–v ector product—finite-difference
approximation

Wenow considerapreconditionedversionof theconjugate-gradients
method[7]. Notethatwe do not needto form

�
explicitly. This im-

plies a very low degreeof informationexchangebetweenthe pro-
cessorswhichcanbeeffectively exploitedwith transputers,sincethe
requiredvaluesof

R
canbe exchangedindependentlythrougheach

link.
The preconditioningusedin our implementationsis the polyno-

mial preconditioning(see[10], [6], [1] and[8]), whichcanbeimple-
mentedveryefficiently in a parallelarchitecturesinceit is expressed
asa sequenceof saxpys andmatrix–vectorproducts.

We have � rows andcolumnsin thediscretizationgrid, which we
want to partition amonga # $ &�# ' meshof processors.Eachpro-
cessorwill thencarry out thecomputationsassociatedwith a block
of

( ��+ #%$ -��
sign

� �a���N�}#%$ � rows and
( ��+<#*' -��

sign
� �����N��#*' �

columnsof theinteriorpointsof thegrid.
Thematrix–vectorproductusingthecolumnpartitioningis highly

parallel.Sincethereis no broadcastoperationinvolved,assoonasa
processoron the boundaryof thegrid (eitherrows or columns)has
computedandsenta Q B vector destinedto a processor‘A’, it can
computeand(possibly)senda Q B vectorto processor‘B’, at which
time its neighbouringprocessorsmay alsohave startedcomputing
andsendingtheirown Q vectorsto processor‘B’.

At a given point in the matrix–vector productcomputation,the
processorsarecomputingQ vectorsdestinedto processorA. When
thesevectorshave beenaccumulatedin the row of that processor
(step1), theprocessorsin thetopandbottomrowscomputeandsend
the Q vectorsfor processorB, while the processorson the left and
right columnsof therow of processorA sendtheaccumulated� vec-
torsto processorA (step2). ProcessorA now storesits setof there-

sulting
V

vector(which is theaccumulationof the Q vectors).In step
3, theprocessorsin thebottomrow computeandsendthe Q vectors
for processorC while theprocessorat theleft-handendof therow of
processorB sendstheaccumulatedQ vectorsof thatcolumntowards
processorB. Thenext stepsaresimilar to theabove.

In our implementation,we exploit the geometryassociatedwith
theregulargrid of pointsusedto approximatethePDE.A geometric
partitioningis usedto matchthe topologyandconnectivity present
in thegrid of transputers(Section15.1).

The discretizationof the PDE is obtainedby specifyinga grid
size � defining an associatedgrid of

G�� � � interior points (note
that this is the orderof the linear systemto be solved). With each
interior point, we associatea setof values,namelythe coefficients� /WG�/W�A/W�

and
@

.

18 CONCLUSION

We have shown thatan iterative methodsuchasthepreconditioned
conjugate-gradientsmethodmaybesuccessfullyparallelizedby us-
ing highly efficient parallel implementationsof the linear algebra
operationsinvolved.We have usedthesameapproachto parallelize
otheriterativemethodswith similardegreesof efficiency (see[4] and
[3]).
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